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Abstract. In constraint programming, programs are written by mainly
specifying the properties which must hold for a solution of a given prob-
lem. In contrast, imperative programming languages require that the
programmer explicitly specifies each state transition a program must
perform in order to calculate the solution. This paper describes a pro-
gramming style which consists of these both views as well as on higher-
order functional programming.

1 Introduction

Programming languages can broadly be classified by two main categories: declar-
ative (or stateless) and imperative (or stateful) programming languages Declar-
ative languages aim at making programming mainly a task of specification; it
is the job of the programming system to derive suitable algorithms and strate-
gies for making the specification executable. Imperative languages are used to
write algorithms explicitly as transformation on the program state, which con-
sists of program variables and the state of the external world. These different
paradigms are not only results of different implementations, they reflect differ-
ent views on programming and on problem-solving with computers. Declarative
languages concentrate on writing what to do, whereas imperative languages view
programming as specifying how to do it.

Constraint programming and functional programming are prominent mem-
bers of the declarative programming paradigm and have proven to have several
advantages over traditional imperative languages. Their mathematical founda-
tions and well-defined semantics offer many possibilities for program transfor-
mation and optimization as well as for correctness proofs. On the other hand,
imperative languages are still more efficient for many applications and are the
most widely used implementation languages. Research on programming language
design has therefore led to the integration of these two programming paradigms,
in order to combine the advantages of both. The term constraint imperative pro-
gramming (CIP) has been introduced in the literature to describe the combined
paradigm of constraint-based and imperative programming [1]. Constraint im-
perative languages have also been extended with language features mainly known
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from functional programming. The language TURTLE [2] combines imperative
control structures, variables and data structures with constraint solving capabil-
ities as well as with higher-order functions, algebraic data types and polymorphic
modules. The programming style evolving from the combination of constraint,
imperative and functional programming lets the programmer choose whichever
of the available language features is best suited for a given task.

This paper is organized as follows. Section 2 gives a brief description of the
programming language TURTLE. In Sect. 3, the higher-order constraint impera-
tive programming style used for programming with TURTLE will be introduced.
First, a simple program is presented which solves a particular problem, then
this program will be generalized using imperative and functional modularization
techniques. The advantages of this programming style will also be discussed in
that section. Finally, Sect. 4 will summarize this paper and refer to related work.

2 The Programming Language Turtle

This section gives a short survey on the programming language TURTLE [2], used
to write the example programs in Sect. 3. The language was designed by start-
ing with an imperative base language, extended with higher-order functions and
a rich type system. Then, several language extensions for constraint program-
ming were added. We will first describe the base language and then discuss the
constraint programming features.

TURTLE provides all control structures known from traditional imperative
languages: conditionals, loops, functions (and procedures) and assignment state-
ments. Additionally, TURTLE supports a rich set of data types, including inte-
gers, reals, booleans, strings, characters, arrays, lists and tuples. Higher-order
functions, which can receive functions as parameters and can return functions as
their value are provided for functional programming. TURTLE also has a module
system for encapsulating the declaration of functions, variables and data types
using explicit import/export relations between modules. Modules can be parame-
terized by data types and functions can be defined in terms of these parameters,
therefore yielding polymorphic functions. The TURTLE implementation comes
with a set of library modules which make extensive use of this feature, e.g. for
providing functions to handle lists of arbitrary element types.

The imperative/functional base language is extended with constraint solving
capabilities by the addition of four language elements, to be described next. The
syntax and the usage of these language extensions will be illustrated in the next
section.

Constrainable variables are special variables, introduced by data type anno-
tations, e.g. a constrainable integer variable is declared with type ! int. Normal
variables are given values by assignments, whereas the values of constrainable
variables are determined by placing constraints on them. Since constrainable
variables not only hold a value but also need to store additional information for
use with the constraint solvers, they are actually represented by variable objects,
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which are explicitly created and must be dereferenced to obtain the variable’s
value.

Constraint statements are block-structured statements which consist of (1)
a constraint conjunction and (2) of a sequence of statements, called the body.
When a constraint statement starts to execute, the constraints in the constraint
conjunction are added to the constraint store and the built-in constraint solver
tries to satisfy the constraints by assigning suitable values to the constrainable
variables appearing in the constraints. When the solving process is successful,
the statements in the body are executed. The variables remain bound to these
values during the execution of the body, and the constraints are removed from
the constraint store when the statement is left.

If the constraint solver detects that the constraints are not satisfiable, an
exception is raised which must either be handled by the program or otherwise
terminates execution.

User-defined constraints abstract over constraints similar to functions, which
abstract over individual expressions or statements. User-defined constraints can
contain arbitrary statements, but their main purpose is to place constraints
on one or more of their parameters. When a user-defined constraint invocation
appears in a constraint conjunction, the body of the user-defined constraint is
executed. An example for such a user-defined constraint is all_different(L), which
constrains all elements of the list L to be pairwise different. This constraint will
be used in the example program in Sect. 3.

Constraint solvers are built into the run-time system of TURTLE and are
responsible for maintaining their associated constraint stores. Whenever con-
straints are added to the store, the solvers must satisfy their stores by calcu-
lating assignments for the constrainable variables. The addition and removal of
constraints to and from the stores as well as the solving process is initiated by
the execution of constraint statements.

Constraint statements in TURTLE allow to specify how important individ-
ual constraints in a conjunction are by so-called strength annotations. The con-
straint solvers will try to satisfy the most important constraints, even if that
means that less important ones will be violated. This treatment of preferential
constraints is called constraint hierarchies [3] and is very useful for dealing with
over-constrained problems.

3 Constraint Imperative Programming with Higher-order
Functions

This section will give a detailed example on how programming is done with a
higher-order constraint imperative programming language. First, we will explain
a simple program which solves a specialized problem, then the program will be
generalized using functional and imperative language constructs.
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3.1 Basic Constraint Imperative Programming

Figure 1 presents a constraint imperative solution (written in TURTLE syntax)
to the famous crypto-arithmetic puzzle SEND+MORE=MONEY. The task is
to assign a digit between 0 and 9 to each letter, where all letters must have
pairwise distinct digits and the number represented by SEND plus the number
represented by MORE must give the number represented by MONEY.

After the module header, which states the name of the module and the im-
ported module i0, two user-defined constraints are defined. The user-defined
constraint all_different has a list of constrainable integers as its input and places
inequality constraints on each pair (L;, L;) of list elements:

all_different(L) = /\ L #L;
i#]

The constraint all_different illustrates how user-defined constraints are typically
used: the complex constraint represented by the user-defined constraint is de-
composed into simpler constraints, in this case into a number of inequalities.
Since the constraints are added one after the other to the constraint store, they
are handled as a conjunction of simple constraints.

The user-defined constraint domain is used to restrict the domain of a con-
strainable variable by specifying a lower and upper bound for the allowed values.

domain(v, min, maz) = min < v < max

The main program first declares the constrainable variables, one for each letter
of the puzzle. The variables are all initialized to the value 0, but the actual value
is irrelevant in this example, because this value will be overridden immediately
with a constraint statement. The expressions var 0 creates a variable object and
initializes its value slot to 0.

In the constraint statements, the two user-defined constraints are used to
specify the domain of all constrainable variables (0 to 9) and to ensure that all
variables get different values. The last constraint in the constraint conjunction
specifies the relation between the individual variables as required by the puzzle.

The body of the constraint statement simply outputs the values calculated
for the variables. Because the constrainable variables hold variable objects, their
values must be extracted using the ! operator.

3.2 Generalization

A generalized version of the program in Sect. 3.1 is the crypto-arithmetic puzzle
solver we describe in this section. This program is capable of solving puzzles of
arbitrarily many rows, where each row can have arbitrarily many columns. The
program is presented in several parts, where each part will be commented on
individually.

The generalized program makes extensive use of the TURTLE standard li-
brary. Besides the input/output module, which was also used in Fig. 1, modules
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module sendmory;
import io;

constraint all_different (1: list of !int)
while tl 1 # null do
var ll: list of lint «— tl1;
while 1l # null do
require hd | # hd 1;
I« tl1;
end;
1 tll;
end;
end;

constraint domain (v: !int, min: int, max: int)
require v > min and v < max;
end;

fun main(args: list of string): int

var s: lint « var 0;

var e: lint < var 0;

var n: lint < var 0;

var d: lint « var 0;

var m: lint < var 0;

var o: !lint < var 0;

var r: lint « var 0;

var y: lint <+ var 0;

require domain (s, 0, 9) and domain (e, 0, 9) and domain (n, 0, 9) and
domain (d, 0, 9) and domain (m, 1, 9) and domain (o, 0, 9) and
domain (r, 0, 9) and domain (y, 0, 9) and
all_different ([s, e, n, d, m, o, r, y]) and
(s 1000 + e * 100 + n * 10 + d) +
(m * 1000 + o * 100 + r * 10 + €) =
(m * 10000 + o * 1000 + n * 100 + e * 10 + y)

in
io.put ("s = 7); io.put (!s); io.nl ();
io.put ("e = "); io.put (!e); io.nl ();
io.put ("n ="); io.put (In); io.nl ();
io.put ("d = ”) io.put (!d); io.nl ();
io.put ("m = "); io.put (!m); io.nl ();
io.put ("o =7); io.put (!o); io.nl ();
io.put ("r =7); io.put (Ir); io.nl ();
io.put ("y ="); io.put (ly); io.nl ();

end;

end;

Fig.1. SEND+MORE=MONEY Program
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for manipulating strings, integers and lists of several element types are used.
The modules lists and listmap are imported several times with different type
parameters. The exported functions of these modules will be described below
when they are used.!

module crypto;

import io, strings, lists<string>, lists<char>, lists<!int>, compare,
listsort<char>, listmap<string, !lint>, listmap<char, !int>,
ints;

The general puzzle solver used the same user-defined constraints all_different and
domain as the program in Sect. 3.1, therefore, they are left out of this example.

The following function is a utility routine for calculating all letters occurring
in all strings in a list of strings, with duplicates removed. The function letters
illustrates the use of functions defined in other modules and overload resolution
in combination with higher-order functions. The function index (exported from
module lists) expects as parameters a value and a list of the same element type
as the value type, and a comparison function. This function is expected to return
a value less than zero if its first argument is less than the second, equal to zero
if the arguments are equal and a value greater than zero otherwise. Since the
module compare exports several functions emp (one for each basic data type),
the overload resolution mechanism must find out which of these matches the type
expected by function indez, which in turn depends on the type of the parameters
to indez.

fun letters (s: list of string): list of char
var c: list of char « [|;
var i: int;
var t: string;
while s # null do
i« 0;
t < hd s;
while i < sizeof t do
if lists.index (t[i], ¢, compare.cmp) < 0 then
c — t[i] == ¢
end;
ie—i+1;
end;
s «— tls;
end;
return c;
end;

! Note that string is a reserved word whereas the other type names are normal iden-
tifiers. Therefore the different typography.
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Function letter_variable looks up character ¢ in a list of letters and returns the
variable in list vars with the same index. It is used to find variable objects
associated with individual letters of a puzzle.

fun letter_variable (c: char, letters: list of char, vars: list of !int): !int
while letters # null do
if hd letters = c then
return hd vars;
end;
letters « tl letters;
vars < tl vars;
end;
return var 0;
end;

The user-defined constraint constrain is responsible for placing constraints on
the constrainable variables corresponding to the individual letters such that the
puzzle is correctly specified. Since it is a rather long function, we will split the
discussion into several parts.

The input to the constraint is a list of strings which represent the puzzle. The
last element of the list is the result of the addition, and the other elements are
the operands. The parameter letters is a list of all letters of the puzzle whereas
letter_vars is a list of the corresponding variable objects. The variable maz_len
stores the length of the longest operand string. The higher-order function map
from module lists is used to calculate this maximum value and for generating
as many variable objects as there are rows in the puzzle. This list of variables is
stored in row_vars. pow is calculated to be the number of values any of the rows
can take.

constraint constrain (strs: list of string, letters: list of char,
letter_vars: list of !int)
var max_len: int « 0;
var row_vars: list of lint «
listmap.map (fun (s: string): !int
if sizeof s > max_len then
max_len < sizeof s;
end;
return var 0;
end, strs);
var pow: int « ints.pow (10, max_len);

The next part of the user-defined constraint states the fundamental constraints
that the domain of the variables representing the letters is the interval [0, 9]
and that the letter variables must be pairwise different. The row variables are
constrained to be non-negative and to be less than the maximum row value
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calculated above. This is an optimization to be exploited by the constraint solver,
because this information is redundant.

var rv: list of lint <« row_vars;
lists.foreach (fun (I: lint)
require domain (1, 0, 9);
end, letter_vars);
require all_different (letter_vars);
I'V +— row_vars;
while rv # null do
require hd rv > 0 and hd rv < pow;
rv < tl rv;
end;

The nested loop in the following piece of code generates the constraints which
state the relation between the individual letters of a row and the row variable.
The outer loop traverses the list of strings and the list of rows in parallel, the
inner loop runs through the individual strings, generating the constraints de-
scribing the order of magnitude of each letter.

TV «— rOw_vars;
while strs # null do
var s: string < hd strs;
strs « tl strs;
var i: int «— 1;
var run: lint < letter_variable (s[0], letters, letter_vars);
require run > 0;
require run < pow;
while i < sizeof s do
var r: lint <+ var 0;
requirer > 0 and r < pow;
var lv: lint < letter_variable (s[i], letters, letter_vars);
require run * 10 + lv = 1;
run < r;
ie—i+1;
end;
require run = hd rv;
rv < tlrv;
end;

For example, the puzzle
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will generate the following constraints
Ax10+ B=rANC*x10+ D=1 AEx10+ F=r3sANG*x10+ H =14

for the three rows, where r; are the row variables.

The last step is the generation of the constraint between all the rows. Since
the number of rows is not known in advance, the constraint is actually built up
from several such constraints.

Reconsider the example puzzle above and the constraints which were gen-
erated for the rows (excluding the last, which is handled specially because it
represents the result).

ri+ro=a1Nay+r3=as

The variables a; are introduced because the n-ary addition is represented as n—1
binary additions. Adding the constraint

a2 = T4
completes the user-defined constraint.

I'V «— row_vars;
var avar: lint < hd rv;
rv < tl rv;
while tl rv # null do
var av: lint « var 0;
require av > 0 and av < pow;
var aa: lint «— hd rv;
require avar + aa = av;
avar «— av;
v «— tl rv;
end;
require avar = hd rv;
end;

The main program is straightforward. It reads in a number of lines from the
keyboard. Then it prints out a pretty-printed version of the puzzle and generates
a sorted list of all letters of the puzzles. It creates a list of variable objects and
requires the user-defined constraint constrain described above. When a solution
has been found, it is printed out.

fun main(args: list of string): int
var strs: list of string « io.get ();
var |: list of char < listsort.sort (letters (strs), compare.cmp);
lists.foreach (io.put, 1); io.nl ();
var letter_vars: list of !int « listmap.map (fun (c: char): lint
return var 0;
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end, 1);

require constrain (strs, 1, letter_vars);

while 1 # null do
io.put (hd 1); io.put (? = "); io.put (!(hd letter_vars)); io.nl ();
1 «— t11; letter_vars < tl letter_vars;

end;

return 0;

end;

3.3 Discussion

The availability of higher-order functions simplifies a lot the task of generating
and manipulation lists of constrainable variables. Functions are very useful for
modularization, and higher-order functions enable the programming of generic
and reusable utility routines. Even more of the imperative loops and explicit
manipulation of variables could have been removed by using more higher-order
functions, but since the program was intended to present imperative program-
ming as well, they were left in.

Imperative features such as side-effecting input and output is an advantage
of the constraint imperative language combination. In declarative languages, it
is very tedious to insert input/output to an existing program, because this addi-
tion may require that the program is converted, e.g. to monadic style. Another
advantage of the imperative paradigm is that they can be implemented very
efficiently.

In comparison to a truly imperative solution, the constraint imperative ver-
sion is shorter since the whole solving process has been delegated to the con-
straint solver. Much of the code in the example is for user interaction and could
not be removed by using another programming paradigm.

Unfortunately, the constraint solvers currently available in the TURTLE im-
plementation are very weak. It is possible to solve very small puzzles, but because
of the exponential complexity of the problem and the solvers’ weakness, we could
not test larger examples.

A limitation of the language design is that only the first solution found is
assigned to the variables in a constraint statement. The addition of nondeter-
minism could lift this restriction. This is a topic of future work.

The main advantage of constraint imperative programming with higher-order
functions is the flexibility it provides to the programmer. Imperative, constraint-
based and functional programming are seamlessly integrated into a single pro-
gramming language, and whatever paradigm is most suited for solving a given
problem can be used.

Additionally, the programming style eases the transition from mainly im-
perative solutions to solutions which use the declarative paradigm whereever it
is better suited, thus leading to shorter and clearer solutions. This transition
will illustrated by the following code fragment (taken from the user-defined con-
straint constrain in Sect. 3.2), which performs two tasks: First, it generates a

10
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list of constrainable variables, second, it calculates the maximum length of a list
of strings.

var row_vars: list of lint «—
listmap.map (fun (s: string): lint
if sizeof s > max_len then
max_len <« sizeof s;
end;
return var 0;
end, strs);

This solution is not as clear as it could be, due to the interweaving of the func-
tional map and the guarded assignment. When a program was written in this
style, a programmer might clean it up by converting it step-by-step into a more
declarative solution:

var row_vars: list of lint <
listmap.map (fun (s: string): !int
return var 0;
end, strs);
max_len « listreduce.reduce (ints.max, 0,
listmap.map (fun (s: string): lint
return sizeof s;
end, strs);

The usage of higher-order functions like reduce in this example reduces the nota-
tional overhead of writing imperative loops and avoids the effect that imperative
programmers often mangle different tasks into the same loop, simply to reduce
the amount of code written.

4 Related Work and Conclusion

In this paper, a new programming style called constraint imperative program-
ming with higher-order functions has been described. We have introduced the
constraint imperative programming language TURTLE. The new programming
style has been demonstrated by first describing a program solving a particular
problem and then extending the program to a generalized version. The extension
makes use of all of the three programming paradigms supported by the language
TURTLE, namely constraints, higher-order functions and imperative variables
and control structures.

The combination of non-deterministic and imperative programming has been
demonstrated by Radensky [4], who extended Pascal with nondeterminism and
by Apt and Schaerf [5], who extended Modula-2 with failing/successful state-
ments and backtracking. These languages do not support higher-order functions,
nor constraint programming (for Alma-0, an extension with constraint program-
ming is planned [6]). Constraint facilities have also been integrated into existing
imperative languages by using constraint libraries, such as ILOG Solver [7] for

11
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C++ or JACK [8] for Java. The disadvantage of constraint libraries is that they
cannot add fundamental language features, like higher-order functions with a
convenient syntax. Siskind and McAllester have merged non-determinism and
constraint programming [9] with Common Lisp, which also has imperative as-
signments and higher-order functions. This approach has possibly most similar-
ities to ours.

Constraint imperative programming with higher-order functions is an exten-
sion of constraint imperative programming, but it can also be regarded as an
instance of multiparadigm programming, integrating three major programming
paradigms. Further research in the area of multiparadigm programming and
languages is a topic of future research.
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